The processes leading to the fragmentation of secondary dendrite arms are studied using a threedimensional Sn dendritic structure that was measured experimentally as an initial condition in a phasefield simulation. The phase-field model replicates the kinetics of the coarsening process seen experimentally. Consistent with the experiment, the simulations of the Sn-rich dendrite show that secondary dendrite arm coalescence is prevalent and that fragmentation is not. The lack of fragmentation is due to the nonaxisymmetric morphology and comparatively small spacing of the dendrite arms. A model for the coalescence process is proposed, and, consistent with the model, the radius of the contact region following coalescence increases as t 1/3 . We find that small changes in the width and spacing of the dendrite arms can lead to a very different fragmentation-dominated coarsening process. Thus, the alloy system and growth conditions of the dendrite can have a major impact on the fragmentation process.
Introduction
Coarsening plays a major role in setting the microstructure of a cast material. During the coarsening of a system of spherical particles, a single parameter, the particle radius R through the Gibbs-Thomson equation, sets the interfacial concentration. Lifshitz & Slyozov [1] and Wagner [2] used the direct link between the interfacial curvature of a particle (1/R) and its volume to develop analytical models for the coarsening process. However, morphologically complex systems such as dendritic solid-liquid mixtures have both positive and negative interfacial curvatures. As there is no relation between the mean curvature of a domain that sets the interfacial concentrations and its size in this case, analytical models of the coarsening process have been difficult to construct. The dendrites that form during solidification possess secondary and sometimes even ternary arms. Previous work has documented several processes of how these dendritic structures evolve during coarsening [3, 4] : there may be a retraction of the side branches towards the main stem, neighbouring side branches may coalesce, or side branches may pinch off at their root thus detaching them from the parent stem. Detachment can have a major effect on the microstructure of the resulting casting. The fragments can move into the undercooled liquid in front of the growing dendrites, leading to the formation of equiaxed grains. This alters the anisotropy of the properties of the ingot [5] . Fragments can also lead to grains with a different crystallographic orientation during directional solidification. Such grains, or freckles, have a major impact on the creep properties of high-temperature Ni-base superalloys [6] . Fragmentation has also been linked to a morphological transition in the solidified structure of highly undercooled liquids [7, 8] .
The mechanisms by which side branches detach remain controversial. Some studies have reported that solute inhomogeneities in the liquid that result from convection during directional solidification can lead to melting at the roots of the secondary arms [9] [10] [11] [12] . Stresses originating from fluid flow during solidification which change the local solubility of solute at the root have also been found to lead to detachment [13, 14] . Alternatively, fragmentation has been linked to interfacial curvatures at the root, similar to a Rayleigh instability [3, 15, 16] . In this case, mass is transported from the negatively curved roots to the small positive mean curvature regions of the surrounding interfaces due to the Gibbs-Thomson effect. This capillary-driven pinching has been observed under isothermal conditions using in situ X-ray tomography and quantified theoretically [17] [18] [19] . Recent work shows that solidification can have a significant effect on the ability of capillarity to produce fragments, and that other critical parameters controlling the fragmentation process are the dendrite arm length and spacing [20] . In situ X-ray tomography experiments of the solidification of Al-Cu alloys have shown clear evidence of coalescence and retraction, but not of fragmentation [21] . While the interfacial curvature was measured, its evolution near the roots of the arms to assess the tendency for fragmentation was not investigated. Finally, it has also been suggested that more than one mechanism may be operative [22] .
Since one of the theories for fragmentation is that the arms detach at the roots by a Rayleigh instability, which cannot occur in two dimensions, it is important to both perform measurements and calculations that account for the three-dimensional morphology of a dendrite. There has been substantial progress in measuring the three-dimensional morphology of dendrites during coarsening that has allowed the dendritic structures and their evolution to be described by their morphology and topology using automated serial sectioning techniques [19, [23] [24] [25] [26] [27] and, more recently, using time-resolved three-dimensional X-ray tomography [17, 21, 22, [28] [29] [30] . The serial sectioning experiments have shown that the surface area per volume, S v , increases with time t as t 1/3 , but that the morphology is usually not self-similar. Time-resolved X-ray tomography experiments should be able to see the fragmentation process. However, the fragments can sediment quickly on the time scale of X-ray tomography [22] , and fuse with other regions of the dendritic structure, making them difficult to detect. By contrast, dendrite fragmentation can be observed using X-ray radiography, since this technique has a faster temporal resolution [14, [31] [32] [33] [34] , but the experiments require thin samples and the three-dimensional morphology of the dendrites cannot be measured. Thus, the evolution of the three-dimensional morphology and topology of dendritic structures were determined through microgravity experiments aboard the International Space Station (ISS) in the context of the NASA project Coarsening in Solid-Liquid Mixtures 3 (CSLM-3). The microgravity environment prevents large-scale sedimentation of the dendrite fragments, therefore allowing them to be detected. These experiments have shown that fragmentation can occur during isothermal coarsening, thus establishing that capillarity-induced pinch-off is possible [19] .
One of the challenges of three-dimensional phase-field calculations of the evolution of dendrite side branches is the need to create and follow the evolution of a realistic dendritic structure, since the computational time needed to evolve three-dimensional dendrites to the point where there are many well-developed side branches is prohibitive. [20] ). This work has identified the critical role that the length and spacing of the arms play in the fragmentation process. An open question is the applicability of this model to the dendritic structures seen experimentally. To address the importance of more realistic secondary dendrite arm morphologies in the evolution process, we use the measured three-dimensional dendritic structure in a Pb-Sn alloy as an initial condition for a phase-field simulation, where the evolution of the structure and liquid undercooling are both set by capillarity. These phase-field calculations make it possible to determine the effects of the morphology of dendrites in Pb-Sn on the temporal evolution of a dendritic structure and the occurrence of retraction, coalescence and fragmentation of the side branches, as well as test the NEB model.
Dendrite fragmentation is an example of a change in the topology of the dendrite, since prior to fissioning there is one body in the system and afterwards there are two. The topology can also change by two arms coalescing. This introduces a loop or handle in the structure. Thus, it is essential to follow the evolution of the topology of the dendritic structure, in addition to its morphology. Since the number of independent bodies can only be determined in three dimensions, experiments that determine the three-dimensional morphology of dendritic microstructure are needed. The number of handles was determined from a measurement of the genus of the structure, which is defined as the maximum number of cuts along closed simple curved surfaces that can be made through a body without breaking it up into smaller bodies [35] . When a structure has no voids (cavities), the genus equals the number of handles. When there are fragments, which is the case for our samples, the calculation of the handles is given by [19] 
where h is the number of handles, g is the genus and N is the number of fragments. The experimental results on fragmentation and coalescence under isothermal conditions are given in [19] . In this case, the number of handles per volume was seen to be an order of magnitude larger than the number of fragments per volume, indicating that the secondary Sn-rich dendrite arms preferentially coarsen by coalescence. The main goal of the present article is to use a phase-field simulation, starting with realistic dendrite side-branch morphology and spacing, to model coarsening dynamics and explain and predict whether secondary arm coalescence, retraction or fragmentation take place.
Method (a) Experiment
The analysis is conducted using Pb-Sn samples with a volume fraction of solid of 30% that were coarsened for different times (10 min (0.16 h), 1.6 h, 5.5 h, 13.5 h, 27 h, 48 h) aboard the ISS. Processing the samples aboard the ISS reduces the sedimentation velocity by approximately six orders of magnitude compared with the ground. Dendrites and fragments therefore do not move on the time scale of the coarsening process. The reconstruction of the samples follows the process given in [19, 23, [36] [37] [38] . It combines sectioning, segmentation and reconstruction. The extent of fissioning, coalescence and retraction at a set of times can be observed, but with each sample starting from a different microstructure. Using the microstructure measured at a particular time as an initial condition in a phase-field calculation will allow us to follow the evolution of a particular microstructure.
(b) Phase-field method
The phase-field model employed is based on the work of Echebarria et al. [39] . It uses a freeenergy functional for a dilute binary alloy, and allows for zero solute diffusivity in the solid phase. When the Echebarria et al. [39] model was developed for solidification, an anti-trapping term (j at ) was required. Since the simulations in this paper are used in the coarsening regime, the term is negligible [40] . Under these simplifications, the equations governing the system are
and
where φ is the order parameter, U is a dimensionless concentration, λ = a 1 with a 1 is a dimensionless constant, D is the diffusion coefficient and k is the partition coefficient. U and φ are related to the concentration C by
where C • l is the equilibrium concentration in the liquid, t is in units of τ 0 and the spacial variables are in terms of W, the width of the diffuse interface. τ 0 and W can be written as τ 0 = (a 2 a 1 W 2 )/D, where W = d 0 with d 0 is the capillary length (and a 1 = 5 √ 2/8 and a 2 = 0.6267 are dimensionless constants). Since τ 0 is a function of both W and , changing τ 0 also changes the spacing of the computational grid. The solid-liquid interfacial energy is taken to be isotropic. This is consistent with the very small anisotropy of the interfacial energy of the Sn-rich solid in contact with a PbSn liquid [41] . The small interfacial anisotropy in this system induces a very small change in the morphology of the solid during coarsening compared with a system with isotropic interfacial energy. Thus, while the interfacial energy anisotropy is essential in setting the direction of dendritic growth, the small anisotropy of the interfacial energy of the Sn-rich solid has a negligible effect on the coarsening process.
The stability studies of Aagesen et al. [18, 42] showed that, in the case of coarsening, relatively high can be employed while maintaining good accuracy. In this study, we used = 670. The other physical properties of the system can be found in table 1 [41, 43] .
Each of the parameters chosen has been measured experimentally and thus there are no adjustable parameters. The time step is 1.498 × 10 −4 s, so a simulation employs 3.8 × 10 6 time steps to simulate 1.6 h of coarsening. The microgravity experiments determined the microstructures after 600 s (0.16 h) and 1.6 h of coarsening. Thus to compare the simulations and the experiments, very long simulation times are required, 5160 s. Nevertheless, due to the rate of interfacial evolution near pinching and coalescence events, data had to be saved at small time intervals, ≈ 1 s. Zero flux boundary conditions were placed on the sides of the computational domain, since experimentally measured, non-periodic, structures were used in the simulation.
A secondary dendrite arm with tertiary arms after 0.16 h of coarsening was used in the calculation (figure 1). The simulation box was 472 × 496 × 248 voxels, with each voxel being approximately 1 µm 3 . For each of the saved time steps, two of the three connected variables (φ, U, C) had to be saved to be able to analyse all of the data, resulting in around 5 TB of data for a simulation. For speed and efficiency, the calculations were performed using a graphics processing unit. 
Results and discussion
The structure measured after 0.16 h of coarsening was used as an initial condition, and after running the simulation for the equivalent of 5160 s we compared the structure resulting from the simulation with a small volume extracted from the actual space-flight sample that had been coarsened for a total time of 1.6 h. This comparison is shown in figure 2 . What is immediately apparent is that the overall structures are qualitatively similar with approximately the same secondary arm lengths and spacings. Also, the angle of the arms with respect to the main stem is very similar. Thus, the size of the initial microstructure used in the calculations is sufficient to capture the evolution of the dendrites without any major effects of the boundary conditions used in the calculations.
Additionally, when taking a closer look at the evolution of the structure, starting with the initial condition shown in figure 1, and continuing with the images shown in figure 3, possible to obtain a better understanding of the evolution of the structure during coarsening. The simulation does not show any pinching during the simulated time. On the other hand, the simulation shows that arms disappear through both retraction and coalescence. The handles or holes in the structures resulting from the coalescence events can be seen in figure 3b ,c. Thus, while fragmentation was observed in the experiment where much larger sample volumes were employed [19] , consistent with these experiments the simulations show that fragmentation is much less common than coalescence.
(a) Coarsening kinetics
By measuring the kinetics in the simulation and comparing with the experiment, it is possible to ascertain whether the phase-field simulation is capturing the proper coarsening kinetics. Since the experiments were performed in a microgravity environment, the coarsening process will occur by the diffusion of solute, as assumed in the phase-field model. One of the main tools used to measure the kinetics of coarsening is the surface area per unit volume S v . As shown originally by Marsh & Glicksman [44] , S −1 v = Kt 1/3 , where K is a constant. In figure 4 , the evolution of S −1 v as a function of t for the simulated structure along with a linear fit are shown. The fit for the experimental structure is also added on figure 4. It can be seen that the slopes of the simulated and experimental structures are very similar-they differ by only 9%. This difference may be due to the smaller region of interest (ROI) used in the simulation, or small errors in the measured interfacial energy or diffusion coefficient. Note that the x-axis of figure 4 is not linear in time t . Also, it can be seen that the simulated structure has an initial nonlinear section in its S −1 v curve. This is due to the lack of a sufficiently smooth initial interfacial morphology. Since the slopes are quite similar, this indicates that the kinetics of the system evolving in microgravity are accurately captured by the phase-field simulation.
(b) Kinetics of dendrite arm coalescence
The experiments using larger sample volumes show that there are about 10 times as many handles in the solid-liquid mixture as there are fragments (per unit volume) at each coarsening time [19] . The absence of fragmentation found in the present simulation is consistent with the experimental findings, wherein, starting from a dendrite with neither handles nor fragments, most of the dendrite arms coarsened either by retraction or by the formation of handles. While the volume of the simulation is smaller than in the experiment, the simulations can be used to understand the reasons for this disparity between fragmentation and coalescence.
The role of secondary dendrite arm geometry is illustrated in figure 1 . It is clear that the Sn-rich dendrites that have been measured experimentally are not cylindrical in cross section. In addition figure 1 shows that the arms are not perpendicular to the main dendrite stem and are irregularly shaped. When this structure coarsens, a combination of retraction and coalescence is present. The retraction, however, is insufficient for an arm to completely disappear before coalescence. For example, the first and second arms in figure 3a coarsen by the root region of the main stem growing towards the tips of the secondary arms as shown in figure 3b . Moreover, between the second and third arms, a coalescence event occurs leading to the merging of the two arms.
The role of the non-axisymmetric morphology of the secondary arms is illustrated in figure 5 where the evolution of the cross sections of two adjacent dendrite arms prior to and just after coalescence are shown. At early times, the cross sections are oval, or non-circular. As the structure coarsens, the cross sections tend to become more circular, indicating that the initial circularity is not a result of interfacial anisotropy, but due to the dendritic growth process that established in the initial microstructure of the dendrites. During this change in shape to circularity, the interfaces of the dendrites approach each other and eventually coalesce. The coalescence time does depend slightly on the interface thickness used in the phase-field simulation. When the interface thickness is decreased by a factor of two, the time when the two interfaces touch increases by 29 s. This is small compared with the time scale of the overall coarsening process, and does not affect the conclusion that coalescence is important for dendrites with the morphologies of Sn dendrites. By contrast, simulations assuming evenly spaced axisymmetric parallel arms have shown either retraction or pinching (fissioning) of the dendrite arms under isothermal conditions [18, 20] ; see below for further discussion.
Interfacial energy-driven fragmentation occurs in a universal manner wherein the shape of the interface at times close to the time of fragmentation can be scaled to be time independent, and this time-independent shape is not dependent on the material's parameters or alloy system [17, 18] During interfacial energy-driven fragmentation, the radius of the dendrite arm at the location where the two interfaces touch, leading to fragmentation, decreases as (t − t p ) 1/3 , were t p is the time where pinching or fragmentation occurs. This same phenomenon occurs during coalescence, since it is also a topological singularity. The radius R of the neck formed after the interfaces of the neighbouring dendrite arms touch also evolves in a similar fashion (figure 6). The slope of this line is a function of the material parameters in the system, and thus this provides a time scale for the coalescence process [17, 18] . While the theory is valid only for times very close to the initial coalescence event, figure 6 shows that the evolution of the radius is well described by this theory far from the initial coalescence event. However, as the radius of the coalesced region increases, eventually the kinetics will probably deviate from the line shown in figure 6 .
(c) Influence of the initial structure
To study the effects of initial morphology on fissioning, coalescence and retraction, the initial structure was eroded by two voxels ( figure 7) . That is, two voxels were removed from the solid starting with those voxels that touch the solid-liquid interface. This relatively small erosion does not change S v very much, nor does it change the overall shape of the arms. However, this erosion increases the spacing between the arms while increasing their aspect ratio. Note that the removal of the two voxels and increase in the spacing between dendrite arm shapes bring the morphology closer to the axisymmetric arm morphology assumed by NEB. The evolution of S −1 v as a function of t for the eroded structures is given in figure 8 . The slope of the line is 0.63 whereas it is 0.58 for the uneroded structure. The slopes are not expected to have the same intercept since the second structure has a lower volume fraction solid than the first structure, while maintaining a very similar surface area. The S −1 v curve for the second structure has a shorter nonlinear region than that for the first structure: while the erosion kernel is very small, it does smooth out many of the regions with high positive curvature. Overall, both simulated structures exhibit the expectedS −1 v ∝ t 1/3 relation and are very similar to the one from the experimental data. This implies that both structures evolve in a similar fashion and that the erosion did not significantly affect the overall evolution kinetics of the system. The second structure shown in figure 7 has more elongated arms than in the experimental structure and also increased inter-arm spacing. When this structure coarsens, multiple instances of retraction and pinching are observed. The evolution of a dendrite arm that ultimately pinches off is shown in figure 9 . It shows the traces of the interfaces at the widest point of the arm, the bulb (figure 9a), and the narrowest point, the neck (figure 9b), at different times prior to pinchoff. Several observations can be made. First, the bulb and the neck evolve differently from in the experimental structure. While they both become smaller, they have a different initial shape: the cross section of the dendrite arm initially is oval (black line in figure 9a ), whereas the neck has a circular shape that it maintains while shrinking. Over the course of the first 300 s, the bulb is shrinking and changes shape to the more circular shape studied by NEB and others. It should be noted that, for both the experimental structure (figure 5) and the eroded structure (figure 9), the evolution is very similar in that the arm cross section first becomes more circular faster than the other observed phenomena (coalescence or pinching).
Instead of the neck evolving the fastest due to its smaller size, it is initially the rest of the dendrite arm that changes the fastest, in particular during the transition from the oval-shaped cross section to the rounder one at later times. This evolution is analogous to the way dendrites pinch off as matter transfers from regions of high curvature to those of lower curvature. In this case, however, the transfer occurs radially as opposed to longitudinally. While the bulb changes quickly at the beginning due to its higher curvature, once the circular shape is obtained, the curvature at the dendrite neck starts dominating. This can be seen by looking at the cyan lines in figure 9 . In figure 9a , the cyan line is extremely close to the magenta line (from which it differs by only 16 s). On the other hand, at the neck, the difference between the two lines indicates that the radius has changed significantly. The dynamics of the pinching process is consistent with theory. Figure 10 shows the evolution of the neck radius as a function of t 1/3 with the actual fissioning time as the origin. The blue line represents the theoretically predicted neck radius [17, 18] . The red line is that measured in our simulations. It can be seen that the simulated neck radius change is extremely close to the theoretically predicted change. Further, it is also very similar to the results found by [20] when the dendrite evolves isothermally. Table 2 . Prediction and evolution of dendrite pinching (P) and retraction (R) for the front dendrite arms. This change in shape of the bulb explains why coalescence is preferred to fragmentation in the experiments. When looking at the first three time steps (black, red and dark blue) in figure 9a , the width of the arm actually increases with time before shrinking at later times. In the eroded structure, the spacing between dendrite arms is sufficiently large that this increase in radius does not lead to coalescence, whereas in the experimentally observed structure the smaller spacing allows the adjoining arms to touch. The axisymmetric arms used in classical theories and NEB do not account for this.
(e) Predicting fragmentation
While the mechanisms that generate fragmentation, retraction and coalescence have been modelled and confirmed in several studies (e.g. [20, 44] ), predicting the mechanism that will prevail at a given point in the structure and at a particular coarsening time remains controversial. The competition between retraction and fragmentation was recently modelled by NEB. Their model follows the evolution of a single axisymmetric dendrite arm in a cylindrical domain with zero-flux boundary conditions at the surfaces of the computational domain. They find that the critical arm length, l, above which pinching (as opposed to retraction) occurs is expressed as a function of secondary dendrite arm spacing,
where Λ 2 is half of the secondary arm spacing. The microstructure of the Sn-rich dendrites observed experimentally and used in our simulations deviates from the ideal conditions used in NEB and thus our results can serve as a test of the model. Since NEB did not find coalescence events in their simulations and the experiments show that the evolution process is dominated by coalescence, the NEB analysis does not hold for Sn-rich dendrites. However, this is not the case with the artificial, eroded, structure and this provides important insights into the factors governing the fragmentation process.
If the dendrite arms can be approximated as axisymmetric and distant enough from neighbouring arms as to prevent coalescence, the NEB results can be used for each of the arms to determine whether they would retract or fragment (table 2). Six instances of pinching and retraction were observed during the 5700 s simulated seconds for the front side of the dendrite (on the front facing side in figure 11a ). Based on the NEB results, it was expected that the first arm would retract and all the others would pinch off. The theoretical predictions corresponded very well with the observed results and the model predicts correctly the retraction of the first arm and also the pinching of arms 3-6. However, the NEB approach does not predict correctly the evolution of arm 2. It initially looks as if pinching would take place, but as arm 1 retracts the growth of the neck affects the morphology of arm 2. This phenomenon is obviously very difficult to simulate by NEB given their zero-flux boundary condition model with one arm.
The dendrite arms on the back side of the structure (figure 11b) have different characteristics from those at the front: all arms are at a 35-40 • angle from the main dendrite stem. Interestingly, the theory does not seem to do quite as well in this case. While the first arm is predicted to pinch, it coarsens away very fast. The other arms B, C and D are comparable in size to those at the front. While all dendrite arms should pinch (table 3) than arms 3 and 4 of the front, yet retract instead of pinching. Arm D pinches in contrast to the other (B and C) arms while having the same angle. It also is by far the longest arm of all. This result may indicate that the critical arm length is different when non-perpendicular arm lengths are involved. Considering the 10 pinching and retracting events, one can conclude that the NEB model has more predictive power when arms are mostly circular in cross section, parallel to each other, at an angle that is very close to perpendicular to the actual main dendrite, and are of similar sizes. The model thus does a much better job at predicting the evolution of a portion of the eroded structure. This is to be expected as the front portion of the eroded structures has a morphology that is much closer to the assumptions used in the model. By contrast, these more idealized conditions are not seen with Sn-rich dendrites. The small change in morphology between the original and eroded structure indicates that small changes in dendrite arm morphology can have a major effect on its morphological evolution. There are a number of factors that need to be integrated to further enhance the prediction of all events during coarsening. For example, the angle of the dendrite arms with respect to the main stem is important, as revealed by the lack of pinching observed of the arms along the back of the structure. Secondly, it is necessary to account for the uneven spacing between the secondary dendrite arms, in either direction, and the detailed nonaxisymmetric interactions with the neighbouring arms. Finally, it is important to account for the non-axisymmetric shapes of the arms.
Conclusion
The evolution of secondary dendrite arms during isothermal, interfacial energy-driven coarsening was studied. The Sn-rich dendrites that were measured experimentally in a microgravity experiment are used as an initial condition in a phase-field simulation. Thus, it is possible to explore the effects of dendrite morphology on the fragmentation and coalescence of secondary dendrite arms. We find the following. -The phase-field model succeeds in replicating the kinetics of the coarsening process. We find thatS −1 v = Kt 1/3 in both experiment and simulation and that the values of K between experiment and simulation differ by only 9%. -The phase-field simulation shows the three coarsening mechanisms: coalescence, pinching and retraction of secondary dendrite arms. Two types of coalescence were observed: one dominated by filling space between two arms from the root to the tip of the arm and the other being the merging of two arms. -The coalescence of two arms is well described by the theory of topological singularities, wherein the neck radius of the region where coalescence occurs increases as t 1/3 . -Coalescence, instead of fragmentation or retraction, of the Sn-rich dendrite arms is observed. This is because the small spacing between the arms and the evolution of the widest portion of the arm from approximately oval to circular leads to contact between the two adjoining dendrite arms. -A small change in the morphology of the dendrites can lead to very different evolution processes, some dominated by fragmentation. Thus the shape of the arms, their spacing, the angles between the secondary arms and the main dendrite stem, and the diffusional interactions between arms can affect the fragmentation process. This also shows that the alloy system and growth conditions of the dendrite can have a major impact on the fragmentation process.
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